Abstract. We consider the connections ∇ on the Rizza manifold (M, J, L) satisfying ∇G = 0 and ∇J = 0. Among them, we derive a Lichnerowicz connection from the Cartan connection and characterize it in terms of torsion. Generalizing Kähler condition in Hermitian geometry, we define a Kähler condition for Rizza manifolds. For such manifolds, we show that the Cartan connection and the Lichnerowicz connection coincide and that the almost complex structure J is integrable.
1. Introduction
History
In [6, 7] , G. B. Rizza introduced the so-called Rizza condition (R) for almost complex manifolds (M, J) with Finsler metric L. We call the triple (M, J, L) satisfying the Rizza condition a Rizza manifold. Shortly after the work of Rizza, E. Heil [3] noticed that if the fundamental tensor g ij of the Finsler metric L is compatible with the almost complex structure J, then the Finsler metric L is a priori a Riemannian metric. Thus it is necessary to consider a weaker assumption on the Finsler metric like the Rizza condition.
The notion of Rizza manifolds was taken up by Y. Ichijyō. He ( [4, 5] ) showed that every tangent space to a Rizza manifold is a complex Banach space and that Rizza condition does not necessarily reduces the Finsler metric to a Riemannian metric. He also defined a notion of Kähler Finsler metric and showed that for Kähler Finsler manifold, the almost complex structure is automatically integrable.
Recently, S. Kobayashi [9] derived various connections on almost Hermitian manifolds. He maintained that there exists a unique connection preserving the metric and the almost complex structure with prescribed (1, 1)-component of the torsion. Then he produced various connections on almost Hermitian manifolds by varying (1, 1)-component of the torsion.
Among such connections, the one with vanishing (1, 1)-component of the torsion plays a very important role in hyperbolic complex analysis. The holomorphic sectional curvature of almost complex manifolds with such connections has non-increasing property for submanifolds. With the aid of such a connection, Kobayashi [8] obtained hyperbolicity criterion for almost complex manifolds. This theme is extended to Rizza manifolds by the authors [10] .
Here we are interested in a connection with non-vanishing (1, 1)-component of the torsion. As a real Finsler manifold (M, L), we can consider the Cartan connection on it. Its partial information gives rise to a new connection which is called the Lichnerowicz connection.
Summary of contents
In section 2, we begin with (real) Finsler manifolds. We recall the Cartan connection on Finsler manifolds which can be characterized by the system of axioms (C1-C4). Given an almost complex structure, a certain metric compatibility condition-Rizza condition (R)-is explained. Then we define a generalized Finsler structure to induce an almost Hermitian structure on the induced bundle.
In section 3, we define the Lichnerowicz connection on a Rizza manifold from the Cartan connection. Then we characterize the Lichnerowicz connection in terms of its torsion. Finally, we define a notion of Kähler condition for Rizza manifolds. Under this Kähler condition, we prove that the Lichnerowicz connection and the Cartan connection coincide. Furthermore, we can also deduce that the almost complex structure is integrable.
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Preliminaries

Finsler metric
Let M be a n-dimensional differentiable manifold with a local coordinate system (
∂y i ∂y j is positive definite. We consider the pull-back bundleπ : 
Cartan connection
and V is the vertical subspace of T T M with the basis
. These subspaces H and V are identified with p * T M by the isomorphisms χ H :
Rizza manifold
Let (M, J) be an almost complex manifold: an even dimensional manifold M with an almost complex structure J. If the fundamental tensor g ij of the Finsler metric L is compatible with the almost complex structure J, i.e., g ij = g kl J k i J l j , then the Finsler metric is a priori a Riemannian metric [3] . Thus we should impose a weaker compatibility condition on L. In [6] , Rizza proposed the following condition:
where φ θ (y) = (cos θ)y + (sin θ)Jy. We call (R) the Rizza condition and the triple (M, J, L) satisfying the Rizza condition a Rizza manifold after G. B. Rizza. The Rizza condition guarantees that every tangent space to a Rizza manifold is a complex Banach space. Now we define a generalized Finsler structure G ij by
Thus G ij defines an almost Hermitian structure onπ : p * T M → T M . Here p * T M is equipped with the almost complex structure J(x, y) = J(x). As in [8] , it is natural to consider connections ∇ satisfying ∇G = 0 and ∇J = 0. In [10] , authors maintained that with respect to a local unitary frame field, such a connection is given by a locally defined 1-form ω = (ω a b ) with values in the Lie algebra u(n) of U(n). This connection 1-form ω = (ω a b ) is skew-Hermitian. 
local basis of T ( T M ). Let {p a , q a , r a , s a } be its dual basis of T * ( T M ).
Now the torsion η of the Cartan connection
c ∇ is
Axiom ( 
Note thatλ t = −λ and µ t = −µ.
And we have almost complex structures J on H and on V satisfying
Since 1-form λ is skew-Hermitian, it defines a connection ∇ on the Rizza manifold (M, J, L) such that ∇G = 0 and ∇J = 0. We call ∇ the Lichnerowicz connection of the Rizza manifold. We now derive conditions on the torsion of the Lichnerowicz connection ∇ from the axioms (C2) and (C3) on the torsion of c ∇. The torsion of the Lichnerowicz connection ∇ is 
We maintain that
A B −B t C is the Cartan connection by showing that it satisfies the axioms (C1)-(C3).. Note that A t = −A and 
Kähler Rizza manifold
Consider the 2-form Ω on T M defined by
We call Ω the Kähler form. Proof. First we compute d Ω :
Note here that the terms containing λ a b 's cancel out pairwise becausē λ t = −λ and that Θ a and Ψ a can be replaced by 
